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Postbuckling Analysis of Pultruded Composite Bars
and Simple Frames

L. G. Raftoyiannis* and A. N. Kounadis'
National Technical University of Athens, 10682 Athens, Greece

A simplified but very reliable approach for the postbuckling analysis of pultruded composite bars and simple
two-bar frames using the classical lamination theory is comprehensively presented. The overall postbuckling
responses for symmetric I-structural shapes made from commercially available composite and homogeneous ma-
terials are thoroughly discussed. This leads to the optimum design of the structures under consideration. A simple
stability criterion is also established for a direct determination of the critical loads. Two numerical examples are
used to illustrate the simplicity and efficiency of the proposed procedure.
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Introduction

HE use of pultruded composite structural members such as
beams and columns is spreading in modern engineering appli-
cations due to many advantages over conventional materials (steel,
concrete, wood, etc.), such as the light weight in connection with
high load-carrying capacity and high corrosion resistance. Mass
production of composite structural members, e.g., by pultrusion,
with open or closed thin-walled cross sections makes composite
materials cost competitive with conventional ones. In the pultru-
sion process, fibers are pulled through a heated die that provides the
cross-sectionalshape to the final product. Pultrusionis a continuous
process for prismatic sections of virtually any shape.! Other mass
production techniques, such as automatic tape layout, can also be
used to produce prismatic sections.
The overall buckling of composite columns® and simple frames
is studied herein, whereas other types of failure, such as local
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buckling,* delamination, material degradation,etc.,*”’ are not con-
sidered. For long compositecolumns, overallbucklingis more likely
to occur before any other instability failure, and the buckling equa-
tion has to account for the anisotropic nature of the material. For
short columns, local buckling occurs first, leading either to large
deflections and finally to overall buckling or to material degrada-
tion due to large deflections (crippling). The composite material is
assumed to remain linearly elastic for deflections and strains larger
thanthe ones of conventionalmaterials correspondingto yield (steel)
or crack (concrete). Therefore, failure of structures is mainly due
either to elastic buckling (if they are imperfection sensitive) or to
plastic buckling (if they exhibit postbuckling strength). For such a
long composite column, the classical lamination theory (CLT)®-? is
applied to determine the axial and bending stiffness of the column,
which are next used for the study of its buckling and postbuck-
ling behavior. Both stiffnesses can be obtained experimentally from
full-size tests'® or by considering each part of the cross section
(flange and web) as an orthotropic plate with properties determined
by coupon testing.!!

Although pultruded members are not manufactured by lamina-
tion, they do contain different material combinations through the
thickness, thus justifying the use of lamination theory. According
to this theory, each layer is modeled as a homogeneous equiva-
lent material that macroscopically behaves similarly to the fibrous
composite. Next, CLT is used to model an entire flange or web as
a yet equivalent homogeneous material. Flanges and web can be
dealt with separately. The member stiffnesses can be derived ei-
ther from the corresponding plate stiffnesses according to CLT or
by reformulating CLT. Subsequently,efficient and readily employed
buckling analyses of composite columns and simple two-bar frames
with composite members,? 2 both consisting of I-structural shapes
made from commercially available composite and homogeneous
materials, are comprehensivelypresented. Once the axial and bend-
ing stiffnesses of the bars are determined, the subsequentbuckling'?
and postbuckling analyses are those reported in Refs. 14-17.

The present study was motivated by an actual problem. It is in-
tended to help the engineer who is familiar with the postbuckling
analysis of columns and frames made from homogeneous and iso-
tropic materials to extend the field of applicationin the area of com-
posite structures and vice versa.

Beam Stiffness from Classical Lamination Theory

Using CL]T, the stiffness components of an anisotropic laminated
plate (e.g., the flange or web of an I section) can be readily deter-
mined. Indeed, the constitutive equation for a laminate in matrix

form is®®
{{N}} _ |:[A] [B]]{{S}}
My (D1 l{x}

[B]
where {N} and {M} are the in-plane forces and moments, whereas
{e} and {« } are the strains and curvatures, respectively. The elements
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Fig.2 Material (1-2-3) and structural (x, y, z) coordinate system.

Ajj, Bij, and D;; of the matrices [A], [ B], and [D] are defined for a
flange of thickness 7 = ¢/ and width b (Fig. 1) as

1 e o
(Aij, Bij, Dij) = Z/ 0;(1,2,2%)dydz
b2 J )2
/2

= 0;;(1,z,2%)dz 2)
—t/2

and for a web of a thickness t = ¢t and depth £ as

1 2 ph2
(Aij, Bij, Dij) = —/ 0,;(1,0,2%) dydz
tJ pdonp

h 72 e
=(=,0— i d 3
(f 12f>/4/2QJ Y @

where Q,-j is given by Q,-j = T;; Q;;. The stiffness terms are Q; =
E /(1 =vi2vy1), Q2 = Ep /(1= v12051), Q1o = v Ey /(1 —va1yy),
and Q¢s = G, and the material axes are defined in Fig. 2. Clearly,
for symmetric laminates, the bending-extensional coupling effect
B;; is zero. The units for A;;, B;;, and D;; are kilo-Newtons per
meter, kilo-Newtons, and kilo-Newton meters, respectively. In us-
ing this approach, the web of an I beam (Fig. 1a) is transformed
to an equivalent (rectangular) laminate of width b and depth & by
introducing a width correction factor t* /b (see Fig. 1b). Applying
the parallel axis theorem® with respectto the midsurface of the cross

section, one can establish a constitutive matrix for the whole cross
section. For a symmetric I beam of flange width » and depth i 42/,
the total stiffness components are
Aj = (1" /D) A}, + 24,
w w f f 24 f (4)
D;; = (" /b)D}; +2D;; + 2[(h +17) 2" A}

where the superscripts f and w denote quantities referring to web
and flange, respectively. Note that symmetry involves both geome-
try and material symmetry with respect to the middle surface, and
hence the bending-extensioncoupling terms vanish (B;; = 0).

So far, the analysis is similar to that of Vinson and Sierakowski'®
or Tsai!® and is valid for a plane strain situation in the y direction
(Fig. 1). The reducedstiffnesses Q,; are obtainedusing CLT,? which
assumes plane stress through the thickness of the flanges or web
(Fig. 1). However, a plane stress assumption must be used through
the width of the beam,? i.e.,

N,=N,, =0
(5)
M,=M,=0
Using Egs. (5), the constitutive equation (1) yields
N® = N.b = Ae,

M = M,b = Dk,
where

A:|:A“+
D:|:DU+

Barbero and Raftoyiannis® presented a similar expression valid for
the bending stiffness of cross sections. In unidirectionalcomposites,
all fibers have a specific orientationin the matrix for each particular
layer. A special case occurs when the fibers are randomly oriented
in the matrix. The composite acts as a plane-isotropic material, and
the properties were obtained using the following formulas®':

2A16Ax6A 1, — Agg A2, — Ay A2
16426412 66 1; 245 |}, %)
AnAg — Ay

2D16Dys D1y — Dslezz — DZZD%@ b 8)
D22D66 - D%(,

E=3E+iE, G=1iE+LE, v=(E26)-1 (9

The I-beam cross section of Fig. 3 is used as a model.

Nonlinear Buckling of a Simply Supported Bar

Consider the equilibriumin the slightly deformed configuration
of the axially compressed bar shown in Fig. 4. It is assumed that the
bar is of an I-structural shape made from composite material. The
condition of equality of external and internal bending moments at
any cross section yields

Dw"(1+fw?) + Pw =0 (D=EI) (10)
or
w’(1+1w?) + k2w =0 (k* = P/D) 11

where the approximate nonlinear bending moment-curvature rela-
tion M = — Dw"(1 + 2w?) has been used.** Clearly, after neg-
lecting the small term %w’z (compared with 1), Eq. (11) reduces to
the well-knownlinearbucklingequation. The integrationof Eq. (11)
is performed by using an efficient approximate analytical technique
presentedby Kounadis.® According to this technique, the last equa-
tion is written as follows:

w”+k2w=—%w’2w” (12)

Introducinginto the right-hand side of this equation the linear solu-
tion (where § = middle span deflection)

w(x) = §sin(x/I) (13)
we obtain the differential equation

w” + Kw = 1(x/D)*8 cos?(rx /1) sin(mx /1) (14)
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Fig. 3 Layup for the 15 X 15 cm I beam.
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Fig.4 Sign convention of simply supported bar under axial compres-
sion before and after buckling.

which, using trigonometric identities, may be written as

w” + Kw = é(n/l)“zﬁ[sin(nx/l) + sinBrx /1)) (15)
The general integral of this equation is given by
w(x) = wy(x) + wpy(x) (16)

where wy, (x) is the solution of the homogeneous differential equa-
tion, i.e.,

wy, (x) = C; sinkx 4+ C, coskx 17
whereas w), (x) is the particular solution, i.e.,
@) 1(m 463 1 . TX
X)=—| — _— _—
W g\ 7 2 — (22 "
+ 1 . 3nx (18)
2 — On2/)

The integrationconstants C; and C, are determined using the bound-
ary conditions

w(0) = 0, w(l) =0 (19)
and are found to be
C, =0, C,=0 20)
Hence, the approximate solution of Eq. (15) is
@) = l(m 463 1 . WX
W =3\7 e — 2/
" 1 . 3mx @n
————sin—
k2 — (972/12) 1

which for x = [/2 yields

wl=)=6d=={—]$6
2 g\ 1 [k — (22 /)] — 972/ 12)]

(22)

~_ T

Fig.5 Stable symmetric bifurcation point implying postbuckling for a
simply supported bar under axial compression.

or

5= (1/n3)\/(l€2 —7)(9n? — k?)

whered = 8/1,k =kl andm <k < 3m. A graphicalrepresentation
of the postbucklingequilibrium path (k vs §) is shown in Fig. 5. The
secondary path has a horizontal tangent at the critical bifurcation
point (8., = 0 and k., = ), which is stable symmetric. Of course,
due to the approximation made, the range of application of the pre-
ceding formula must be restricted to values higher than k?/7> for
which tan™! w’(x) < 0.10 rad.

(23)

Nonlinear Buckling of a Two-Bar Frame

The postbuckling analysis that follows assumes geometrically
perfect members of I-structural shape made from linearly elastic
composite material that may undergo moderate rotations but small
strains. If such a member of length /, axial stiffness A (equivalentto
EA), and bending stiffness D (equivalentto EI) is subjected simul-
taneously to bending and axial compression, the following elastic
strain energy functional can be written:

1 ! ’ 1 72
U==|[ |Alu +=W
2 Jo 2

where W and u are the lateral deflection and axial displacement of
the centerline of the member, respectively. Introducing the nondi-
mensionalized quantities x = X/I, & = u/l, w = W/I, and
A2 = AI?/D, the preceding equation is brought in a dimension-
less form as follows:

Ul 1! L\
U=— == )LZ ’ .2 22 d 25
D 2/0|: <$+2w>+w x (25)

Let us now consider the two-bar frame, shown in Fig. 6, that is
subjectedto a compressive force P applied at its joint, eccentrically

2

+ DW’Q} dx Q4)
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Fig. 6 Geometry and sign convention of a two-bar frame BAC sub-
jected to a joint load P eccentrically applied to the centerline of the bar
AB.

to the centerline of the column by ¢,. Then, using Eq. (25), the total
potential energy of the frame in dimensionless form is given by

T 1 ! 2 4 1 2 ’ 2
U :5 Al %'l-f-zwl + wi” [ dx;
0

w ' A
+ o /0 [A%(&z’ + 5w§> + wgz} dx,

+ BZpew)y (1) + B2 pe& (1) =0 (26)

where u = D,/D,, p =1,/1,, 82> = PI?/D,, and e = ¢y/1,. The
principle of stationary total potential energy leads to the following

differential equations'7-2%:
M(E +4wp) =0 @7
R+ ) =0 o9
wi” = 2[(& + Juf)u] =0 29
wy’ = 3{( + fuf)us] =0 e

The boundary conditions associated with the preceding equations
are

wy(0) = & (0) = w(0) = 0 31)
wi(1) = p& (1) (32)

E1(1) = —pwy(1) (33)

wi (1) = wj(1) (34)

£(0) + 3w (0) =0 (35)
w/(0) = w;(0) =0 (36)

w (1) + (u/p)wy (1) + p*pe = 0 37
w"(1) 4+ Kw; (1) =0 (38)

(B> = Kk)p* + pwl'(1) =0 (39)

where k? = §12/Dy; § is the axial compressive force in the column.
Integration of Eqs. (27-30), by means of conditions (31) and Eqgs.
(35) and (36), yields

k2 1 X1 )
é(x):——x——/ w'*dx (40)
1(xy 2 173 ;W 1
[
&(x)=C— 5/ w;z dx, (41)
0

w; (x)) = C, sinkx; + C3x, 42)
wy(Xy) = 51)63 + Cax, (43)

where C|, Cy, C;, and C; are integration constants to be deter-
mined and C represents the horizontal displacement of the movable
hinge; consequently, &, (x,) represents the absolute axial displace-
ment, whichis equal to the relativeaxial displacementof the bar plus
the horizontal displacement of the movable support. As is shown
subsequently, the constant C does not influence the nonlinear equi-
librium path and, therefore, the critical load. From conditions (34)
and (39), it is found that

_ ol 4B e — 1)

¢ k2 sin k (&
2012 _ p2
C_‘l — M (45)
bu
5 plk2+pEe—1]  p*(k* =)
6= ktank B 2 “47)

By means of relations (44-47) and Eqgs. (40-43), condition (33)
leads to the following nonlinear equilibrium equation:

p(B2—K)  KR+pe—1) K _[k2+52<e—1)}2
3un k tank P22 2k sink
(1430280 (48)
2% )

This equation is independentof the constant C and, therefore, of re-
lation (32). By solving Eq. (48) numerically with respectto k for dif-
ferent levels of the load 82 and various values of the parameters X,
P, 1, and e, one can establish the entire (prebuckling and postbuck-
ling) equilibriumpath. Thus, from Eqs. (40) and (42), using Egs. (44)
and (46), we obtain the following joint displacement components:

2 2 20, 2 .
51(1):—k_2_p2[k + B 1)] (1+ s1n2k> w)

Al 2k sink 2k
wi (1) = (p/ kK + B(e — D] (50)
w) (1) = %’”‘[k%ﬂ%e —1)] (51)

As mentioned earlier, Eq. (48) is independentof condition (32), i.e.,
w1 (1) = pé& (1), which serves only for determining the horizontal
translation of the movable hinge. The axial displacement &; (x;),
determined by Eq. (40), consists of two component parts. The first
part, which is linear with respect to k2, represents the shortening of
the centerline of the column due to axial displacement. The second
part of the axial displacement,i.e., the integral, is due to bending of
the column centerline and is nonlinear with respect to k2. The last
two terms in the equilibrium equation (48) evidently correspond
to the foregoing two components of the axial displacement. It can
be proved that the magnitudes of these two terms are considerably
smaller than those of the other two terms of Eq. (48). On the basis of
this observation, under certain conditions, either one of these terms
canbe omitted. Apparently,a considerablesimplification of Eq. (48)
is obtained by neglecting the nonlinear (integral) term in the axial
displacement&, (x) given by Eq. (40). On the other hand, the linear
term in the axial displacement can be neglected in the case of large
values of the length ratio p and/or large values of the slenderness
ratio A; [see Eq. (48)].

In view of the precedingdevelopment, one can establish a simpli-
fied nonlinear stability analysis thatis associated with the following
kinematic continuity conditions:

wy (1) = (1/p) (K*/A7) (52)

1 1
wy (1) :_Z/ w? dx, (53)
0
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Fig. 7 Equilibrium paths on the basis of the simplified and the accu-
rate nonlinear analysis for e = 0, (A1), =40, and p = = 1 homogeneous
frame and (A1), =37.91 composite frame.

On the basis of Eq. (52), one can find for e = 0 the following
nonlinear equilibrium equation:

Y Y (e T (54)
P23 3p ok tank

Subsequently, it is deducedthat condition(53) is valid only for large
values of p and/or A, whereas condition (52) holds practically for
all values of A and/or p.

Nonlinear equilibrium equation (48), as well as either one of its
invariants, can be written in the form

F(k; ) =0 (55)
This equation can be solved, at least implicitly, leading to
B = Bk) (56)
Substituting B (k) into Eq. (55) yields the identity

Flk, )l =0 57
which upon differentiation gives
dB
Fe+Fy— =0 58
Kt Fp— 7 (58a)
or
g K
— Fg #£0 58b
- F, (Fg #0) (58b)

The limit point load corresponds to a maximum of the curve g vs
k, and therefore a necessary condition for its evaluation is

dB
prie 0 or Fi(k,p)=0 (59)
Thus, the criticalload is obtained by solving the system of equations
Fk,p)=0 or  Fi(k,B)=0 (60)

The solution (k., B.) of this system corresponds to the limit point
(Fig. 7), which can be viewed as the point of intersection of the two
curves given in Eq. (60). Because we are looking for a maximum,
dzﬁ/dk2 < 0 or, by means of relation (58),

Fiee (ker, Ber) > 0 (61)

Note also that 8, is the smallest (positive) load for which the system
of Eq. (60) is fulfilled. Condition (59), together with condition (61),
defines stability criteria.

Numerical Results and Discussion

As a first example, considerthe pultruded I beam shown in Fig. 3.
The layup for the flanges and the web are shown in Figs. 3a and 3b,

Table 1 Micromechanical data for the 15 X 15 cm I beam?®
shown in Fig. 3

E,, E, Gia, v,
Layer MPa MPa V12 MPa %
Nexus 6,187 6,187 0.40 2,214 10

Continuous strand mat 9,925 9,925 0.42 3,490 23

Roving 1 15,808 4,076 0.25 1,662 18
Roving 2 39,278 6,704 0.27 2,724 52
Roving 3 24,781 4,793 0.26 1,952 31
Roving 4 37,209 6,338 0.27 2,579 49
Roving 5 35,140 6,021 0.27 2,448 46

4The information shown corresponds to material not currently produced and is not
representative of current structural shapes.

Fig. 8 Composite I-beam cross
section: geometric and
material characteristics.

R

SRR
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respectively. Considering transverse isotropy on each layer.} four
material properties per layer must be determined. Using microme-
chanics, the material properties (E|, E, vi2, G») are determined for
each layer from the material properties of fiber (E;, v) and matrix
(E,,, vu) (see Fig. 2). For E-glass fibers itis E; = 72,393 MPa and
vy = 0.22, whereas for a vinylester matrix it is E,, = 3445 MPa
and v,, = 0.35. As an example, consider an E-glass-vinylesterpul-
truded material with v, = 0.25 for which we obtain £, = 20,632
MPa, E;, = 4433 MPa, and v, = 0.318. The elasticity solution
with contiguity is used for the determination of the shear modulus.
Using Eq. (3.68) of Ref. 8, one can obtain G, = 1985 MPa. The
predicted value does not correlate well with experimental data.*
Therefore, the stress partition parameter’ is obtained using experi-
mental data for currently produced pultruded material and it is as-
sumed to remain constant while varying the fiber volume and resin
properties during material optimization studies. Predictions using
this approach correlate well with experimental data.*

The micromechanicalpropertiesof the pultrudedcompositebeam
shown in Fig. 3 are presentedin Table 1. Regarding the nexus layers
that fall into the category of unidirectional composites, Eq. (9) has
been used to compute the micromechanical properties. A buckling
analysis of composite columns or frames can be readily performed.

From the postbuckling analyses presented for the cases of a bar
and a simple two-bar frame made of composite materials, itis easily
concluded that the only parameters affecting the critical load k*
and the postbuckling path (corresponding to an overall buckling
mode) are the axial and bending stiffness A and D of the considered
cross section. The cross section (flanges-web) may be composed
of many layers, each one contributingto the total bending stiffness.
Each layer is made of a homogeneous material or a material with
characteristic properties equivalent to a homogeneous material.

A parametric study of the variation of the bending stiffness is
performed for the case of an I-beam cross section, where the flange
is composed by two different material layers and the web by a third
material (Fig. 8). The parameters consideredin the evaluation of the
axial and bending stiffness are the flange width b; the thicknesses
of each layer of the flange, namely, #; and 1,; the height of the web
h; and the thicknesst of the web. Each layer is made of an isotropic
material with modulus of elasticity £, ; and E,; for the flanges and
E,, for the web, respectively. The axial stiffness A, of an [-beam
made of a homogeneous material E = E, is

n=1[th+2b(t, + n)]E, (62)

On the other hand, the axial stiffness A, of the composite I beam
with various materials is

AC = tha + 2b(t1E1f + l‘zEzf) (63)
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Fig. 9 Bending stiffness fraction D./Dj, vs r;.

Using the nondimensional quantities #,, &, b, and r, and r,,
where t, =1,/t, ,=t,/t, b=b/t, h=h/t, ry=E,;/E,, and
r,=E,;/E,, we can compute the axial stiffness fraction A./A,

as follows:
A _ b4 26 +Dr) b
Ah h + 2b(t1 + tz)

Similarly, the bending stiftness D, of an I beam made of a homo-
geneous material £, is

Dy, = [1b(t, + 1,)* + 5th® + $b(t; + 1) (h + 1, + 1,)*]E,, (65)

and the bending stiffness D, of the composite I beam with various
materials is

D(‘ = ébZEElf + ébthZf + l—lzth3Ew

+ 260y (3 + 1o+ 40)" + $b6 sy (h + 1)? (66)

The bending stiffness fraction is

D, émmﬁ+Q§)+ﬁBL+ﬁhﬁeﬁ+é+%ﬂy+%ﬁﬂﬂﬁ+éy

2.50 =
—H— s h
'::'T P =P,
i h
2.00 - =1 fw*CH/EW
ro=E4 /E,
1.50

2.50 4
2.00
1.50 4
P -
<C
>
< 100 4— —
r fr—
0.50 - 1 Eﬁ/E w
I h
ro= =
2 E2f/E W Pcr_Pcr
|
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ry

Fig. 11 Area ratio A./A;, vs strength ratio r; for Pé’r = Pg.

The bending stiffness D, correspondingto the composite I beam
iscompared with D), of the homogeneousI beam. For various values
of the parameters 71, &, b, h, r, and r,, the stiffness fraction Eq.
(67) is varying linearly as shown in Figs. 9a and 9b. As a demon-
strative example, the postbuckling behavior of the frame shown in
Fig. 6 composed of I-beam members with various values of r, =r,
is compared with the postbuckling behavior of the frame with ho-
mogeneous I-beam members for which 7, =r, =1 and (1), =40,
whereas all of the other parameters are f; = 0.5, 7, = 0.5, b = 15,
and & = 25. Using Eq. (64), we obtain the axial stiffness fraction
A./A;, and by Eq. (67) the bending stiffness fraction D,/ D,,. Thus,
for the composite frame we compute the slenderness (1;). and the
critical load Pg.. The postbuckling paths for the homogeneous and
the composite frame with r; =r, = 1.25 and (A;). = 37.91 are both
drawn in Fig. 7 for comparison, using Egs. (48) and (54). Next, we
vary the flange width b as well as the modulus ratios r; and r,, and
we determine the cross-sectionalarea for which P¢ = P!. This can
be translated to weight-to-strengthcurves shown in Figs. 10 and 11.
Itis clear that, if the flanges are made from strong material compared

D, §h(E + D) + R+ 3h(M + D)+ 1+ B

(67)
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with the web, we can achieve as much as a 35% reduction of the
material, whereas the situationis badly reversedin the case of weak
flanges and strong web.

The methodology may apply to cases of cross sections made of
any composite material, such as fiber-reinforced plastic beams or
steel cross sections with a combination of high- and lower-strength
steel layers.

Conclusions

The most important conclusions based on the models discussed
are the following.

1) A comprehensive analysis, starting from the properties of the
composite material and leading to the determination of the critical
buckling load and the postbuckling behavior, that can be used by
the manufacturer to tailor the material properties for specific ap-
plications has been developed. The analytical solution presented
herein can be used to predict the critical buckling load as well as
the postbuckling behavior of commercially available pultruded col-
umns.

2) The postcriticalresponse of a simply supported bar and a two-
bar frame can be readily established. More specifically, a linearized
analysis with nonlinear bending-moment curvature relationship is
performed for the bar, whereas for the two-bar frame a postbuck-
ling analysis associated with nonlinear kinematic relationship and
a linear bending-moment curvature relation is established.

3) Stability criteria for a direct determination of the critical loads
are also presented.

4) A simplified and effective technique (with linear bending
moment-curvature and linear kinematic relations) can be used for
the approximate evaluation of the postbuckling behavior.

5) The axial and bending stiffnesses of a composite member are
the only parameters affecting the critical buckling load and post-
buckling behavior.

6) The individualand combined effect of the geometric and mate-
rial properties on the load-carryingcapacity of columns and frames
is highlighted through the parametric study presented.
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